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Abstract. We investigate moduli stacks of pointed chains of projective lines 
related to the Losev-Manin moduli spaces and show that these moduli stacks 
coincide with certain toric stacks which can be described in terms of the Cartan 
matrices of root systems of type A. We also consider variants of these stacks 
related to root systems of type B and C. 
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Introduction 

The Losev-Manin moduli spaces L n , introduced in |LM00] . parametrise isomor- 
phism classes of stable n-pointed chains of projective lines. The space L n forms 
a compactification of the torus (G m ) n /G m that parametrises n points s\, . . . ,s n in 
P 1 \ {0, oo} = G m up to automorphisms of P 1 fixing the two points 0, oo. It is a 
smooth projective toric variety isomorphic to the toric variety X(A n _i) associated 
with the root system A n _i, see |BBllaj . 
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In the present paper we are concerned with a variant of the Losev-Manin moduli 
spaces which arises as a compactification of the moduli space of n non-distinguishable 
points inP 1 \{0,oo}, or equivalently, finite subschemes of degree rainP 1 \{0,oo}. 
Isomorphism classes of such subschemes correspond to polynomials of the form 
y n + a n ^iy n ~ l + . . . + a\y + 1 up to multiplication of the variable y by an n-th 
root of unity. The torus (<G m ) ra_1 , parametrising polynomials with non-zero coeffi- 
cients cii, . . . , a n _i, is compactified by the moduli stack of chains of projective lines 
with finite subschemes of degree n. On the boundary both the coefficients of the 
polynomials may become zero and the curve may become a reducible chain of pro- 
jective lines. The category of these pointed curves, which we call degree-n-pointed 
chains of projective lines, forms an orbifold C n . 

The orbifold C n is related to the Losev-Manin moduli space L n by an S n -equi- 
variant morphism L n — > C n , L n with the operation of the symmetric group S n that 
permutes the n sections and C n with trivial operation, which is given by mapping 
an n-pointed chain of projective lines to the corresponding degree-rz-pointed chain 
by forgetting the labels of the sections. The moduli stack C n is defined such that 
the morphism L n — > C n is closely related to morphisms of the form Cq — > Cq / S n = 
Cq^ = DivJ o / y from the n-fold product over Y to the scheme of relative effective 
Cartier divisors of degree n for Cq — > Y a relative smooth curve over Y, here a 
chain of projective lines over Y without the poles of the components of the fibres. 
Therefore the morphism L n — > C n inherits properties like being faithfully flat and 
finite of degree n! and being ramified exactly in the points corresponding to curves 
with coinciding marked points, see proposition 11.51 The stack C n differs from the 
quotient stack \L n / S n ), it has the same points but different automorphism groups. 
The coarse moduli space of C n coincides with the quotient L n /S n . 

A main result of this paper, theorem 13.11 is an explicit description of the structure 
of the stacks C n : we show that C n is a toric orbifold and we determine the associated 
combinatorial data. 

Toric Deligne-Mumford stacks over fields of characteristic were introduced in 
[BCS05J and constructed from combinatorial data called (simplicial) stacky fans, 
consisting of a simplicial fan and some extra data, as quotient stacks [U/T] of an open 
subscheme U of some affine space by a diagonalisable group scheme G, generalising 
the quotient construction of a smooth toric variety described in [Co95a] . Over more 
general base schemes in the same way these data give rise to toric stacks which are 
not necessarily Deligne-Mumford stacks but tame stacks in the sense of [AOV08J . As 
our moduli problem results in stacks which are orbifolds, in this paper we are mainly 
concerned with toric orbifolds, i.e. toric tame stacks with trivial generic stabiliser. 
We will mainly work with toric orbifolds over the integers, considering the fact that 
our moduli problem is naturally defined over the integers. 
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It turns out that the moduli stacks C n can be described in terms of the Cartan 
matrices of root systems of type A, more precisely, C n is isomorphic to the toric 
orbifold y(A n _i) which corresponds to the stacky fan T(A n _i) defined in section [2] 
using the Cartan matrix of the root system A n _i. For the proof of the isomorphism 
C n = y(A n _i) we make use of a generalisation of the description of the functor of 
toric varieties [Co95b] for toric stacks, which allows to characterise y(A n -i) as a 
stack Cy(A„_ 1 ) of T(A n _i)-collections, i.e. collections of pairs of a line bundle with 
a section and additional data. 

We also characterise the morphism L n — > C n , determined by forgetting the labels 
of the n sections, in terms of the combinatorial data by specifying the T(A n _x)- 
collection on X(A n ^i) = L n corresponding to this morphism, see theorem 14.141 
In doing this, in section H] we compare the description of the functor of the toric 
varieties X(A n _i) associated with root systems of type A after Cox |Co95bj in terms 
of £(A n _i)-collections to two other descriptions: the description of [BBllaJ in terms 
of A„_!-data and a new description involving S^-invariant line bundles on X(A n ^i). 
Both of these are related to Minkowski sum decompositions of the permutohedron: 
the first is a decomposition into line segments and the second corresponds to an 

embedding X{A n -\) — > YYjZi P"' and expresses the permutohedron as sum of 
S^-symmetric polytopes. 

Generalisations of the Losev-Manin moduli spaces were investigated in [BBllbj. 
We considered (2n + l)-pointed and 2n-pointed chains of projective lines with in- 
volution and showed that the moduli spaces L n ' and L n of these objects coincide 
with the toric varieties X(B n ) and X(C n ) associated with the root systems B n and 
C n , see [BBllbl Thm. 4.1 and 6.15]. 

In the present setting it makes sense to investigate similar generalisations of the 
moduli stacks C n and to relate these to the toric orbifolds y(R) for root systems R 

belonging to other classical families as well as to the moduli spaces L n ' = X(B n ) 
and L n = X(C n ). In section we consider moduli stacks of stable degree -(2n+l )- 
pointed and degree-2n-pointed chains of projective lines with involution, £ n ' and 
C n . We show that C n has a main component C n + isomorphic to y{C n ) and that £ n ' 
is isomorphic to y(5 n ) can , the canonical stack associated to y(B n ) (see |FMN10j ). 

We have morphisms L n ' — > £ n ' and L n — > £ n+ , defined by forgetting the labels 
of the sections, which are equivariant under the Weyl group. 

Acknowledgements. Thanks to Victor Batyrev. 
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1. Moduli stacks of degrees-pointed chains 

We define moduli stacks of stable degree-n-pointed chains of projective lines. 
Compared to the Losev-Manin moduli spaces considered in |LM00j . |BBllaj . we 
replace the n marked points Si, . . . , s n of an n-pointed chain of projective lines by a 
finite closed subscheme S of degree n. 

Definition 1.1. A stable degree- n-pointed chain of projective lines over an alge- 
braically closed field K is a tuple (C, s_, s+, S), where C is a chain of projective 
lines over K with two distinct closed points s_,s + on the outer components such 
that on each component the number of intersection points together with s_, s + adds 
up to 2 (cf. |BBllal Def. 3.1]), and S C C a finite closed subscheme of degree n 



that does neither meet the intersection points of components nor but that 

does meet every component of C . We define the category C n of stable degree-n- 
pointed chains of projective lines over the category of schemes. The objects over a 
scheme Y are stable degree-n-pointed chains of projective lines over Y, i.e. tupels 
^ = {C — > Y, S-, s + , S), where C — > Y is a locally finitely presented, flat, proper 
morphism of schemes, s_,s + : Y — > C are sections and S C C is a subscheme fi- 
nite flat over Y, such that the geometric fibres are stable degree-n-pointed chains 
of projective lines. We have the natural notion of isomorphism of degree-n-pointed 
chains of projective lines over the same scheme Y and of pullback of an object over 
a scheme Y with respect to a morphism f:Y'—>Y. A morphism in C n over a 
morphism /: Y 1 — > Y is a cartesian diagram of stable degree-n-pointed chains of 
projective lines over /. 

Remark 1.2. (1) For a chain of projective lines (C, over a field K any 

component is isomorphic to P^ since it contains a point with residue field K. 
(2) As the morphisms C — > Y are locally finitely presented, by |EGA[ IV, (8.9.1)] 
we can use some results which originally require some noetherian hypothesis. 

Remark 1.3. The automorphism group of a chain of projective lines (C, s_,s+) 
of length I over a field if is a torus (G m ) l K . A stable degree-n-pointed chain of 
projective lines (C, s_, s + , S) of length / over K has a finite automorphism group 
scheme which is a subgroup scheme of (G m ) l K . There are objects (C, s_, s + , S) 
having nontrivial automorphisms: consider for example a projective line with 
homogeneous coordinates z , Z\, two poles s_ = (1 : 0), s + = (0 : 1) and a subscheme 
S of degree k given by the equation z$ — z\ = 0; in this example we have an 
automorphism group scheme isomorphic to 

Proposition 1.4. The category C n is a category fibred in groupoids over the category 
of schemes. It forms a stack over the fpqc site of schemes with representable, finite 
diagonal. Over fields of characteristic the diagonal is unramified. 

Proof. The category C n together with the natural functor to the category of schemes 
is a fibred category, the cartesian arrows being cartesian diagrams of degree-n- 
pointed chains, and moreover the fibres C n (Y) over schemes Y form a groupoid. 

The fibred category C n is a prestack in the fpqc topology, i.e. descent data for 
morphisms are effective, see for example |Vi05t Prop. 4.31]. To show that C n is a 
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stack, it remains to show that descent data for objects are effective. Let (tt : C — > 
Y, S-,s + , S) be a stable degree-n-pointed chain of projective lines over a scheme Y. 
The subscheme S C C is an effective Cartier divisor in C because this is true on 
the fibres, see [K105, Lemma 9.3.4], and so its ideal sheaf J? C Oc is a line bundle. 
The line bundle Oc(S) = J"~ l is relatively ample with respect to it since it is ample 
on the fibres, see [EGX1 III, (4.7.1)], [EGX1 IV, (9.6.5)]. In fact, O c {S) defines a 
closed embedding in the projective bundle ¥y{t{*Oc{S)), see proposition 13.41 Given 
a morphism F: (C — > Y', s'_, s' + , S') — > (C — > Y, s_, s + , S) of two degree-n-pointed 
chains over a morphism / : Y' — Y Y forming a cartesian diagram, we have a natural 
isomorphism F*Oc(S) = Oc(S'), and further, given morphisms F and G over 
/: Y' Y and g: Y" ->■ Y', after identifying (FG)*O c {S) with G*F*£> C (S) the 
isomorphisms {FG)*O c {S) -)• and G*F*O c (5) ->• O c »(S") 

coincide. Then, by descent theory of flat proper morphisms of schemes with a 
relatively ample invertible sheaf, see |Vi05[ Thm. 4.38], descent data for objects of 
C n are effective. 

We show that the diagonal C n — > C n x C n is representable and finite. For a 
scheme Y and a morphism Y — > C n x C n given by two objects ^, G £ n (F), the 
category Y x^ x ^ £ n fibred over the category of ^-schemes is isomorphic to the 
functor on F-schemes Isom(^, <#")(f : Z ^ Y) = Moi Zn{z) (f*^,f*^"). Using the 
embedding via Oc(S) into Py(7r ;|J Cc(5')) = Py described in proposition 13.41 we see 
that Isom( < ^ > , c tf') is a finite closed subgroup scheme of the open dense torus of P y . 
In characteristic it is unramified over Y, because then the fibres are reduced. □ 

The stack C n is related to the Losev-Manin moduli space L n by a morphism 
L n — > C n that arises by considering the n sections of an n-pointed chain over Y as 
a relative effective Cartier divisor of degree n over Y . 

Proposition 1.5. The morphism L n — > C n is faithfully flat and finite of degree n\. 
It is ramified exactly in the points of L n corresponding to n-pointed chains with some 
coinciding marked points. 

Proof. Note that the morphism is representable, since C n has representable diagonal. 
We show that for any morphism Y — > C n , Y a scheme, the morphism of schemes 

Y x-£ n L n — > Y has the properties in question. The morphism Y — > C n corresponds 
to an object ^ = (C — > Y, s_, s + , S) over Y and the functor Y L n maps a 
scheme T to the set {(/: T->Y, (C'^-T, s_, s+, s a , . . . , s n ), a) \a: f*<£^ (C'->T, 
S-, s + , s\ + . . . + s n )}, where s± + . . . + s n denotes the divisor of degree n associated 
to the n sections and a is a morphism in C n {T). We denote by C the open sub- 
scheme of C obtained by excluding the poles and intersection points of components 
on the fibres. Then Cq is a quasi-projective curve over Y, which is smooth over 

Y since it is flat with smooth fibres (see [EGA} IV, (17.5.1)]). We may, for any 
T, identify the chains C' over T occurring in the above sets with C Xy T via the 
specified isomorphisms. The additional data given by the subscheme S C Cq are 
equivalent to a section s:Y—> DivJ o / y = of the scheme of relative effective di- 
visors of degree n, which coincides with the n-fold symmetric product of Cq over Y, 
see |SGA4(3)~ Expose XVII, 6.3.9, p. 186]. Likewise, the data given by the sections 
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si, . . . , s n are equivalent to a section s' : T — > (Cg )r of the n-fold product such that 
its composition with (Cq)t — >■ (Co )t is the base extension st of s, or equivalently, 
to a morphism s': T — > Cq whose composition with Cq — > Cg coincides with so f. 
Thus the functor K I„ is isomorphic to the functor of the scheme Y x c ( n ) Cg , 

and this concludes the proof because the morphism Cq — > has the required 
properties. □ 

Remark 1.6. With proposition 11.51 and some general theory we can derive some 
properties of the stack C n : by [LMB1 Thm. 10.1], making use of the proposition, 
C n is an algebraic stack (Artin stack); in characteristic 0, by |LMB} Thm. 8.1] and 
the fact that it has unramified diagonal, it is a Deligne-Mumford stack. However, 
the result will follow independently later in section [3] together with a more detailed 
description of the structure of C n . 

On the Losev-Manin moduli space L n we have an operation of the symmetric 
group S n permuting the n sections. Any S^-equivariant morphism L n — > Z, Z a 
scheme with trivial S" n -action, factors through L n — > C n . This implies that the 
quotient morphism L n — > L n /S n factors as 

L n C n — > L r J S n , 

and moreover, as L n — > C n is an epimorphism, C n — > L n /S n forms the coarse moduli 
space of C n . 

Remark 1.7. There is the quotient stack [L n /S n ], which has the same geometric 
points as C n . However, the automorphism groups of objects of [L n /S n ], differ from 
those of C n which are always abelian. 

In the case of the Losev-Manin moduli spaces, the boundary divisors arise as 
images of closed embeddings L m x L n — > L m+n . For the stacks C n we also have 
embeddings C m x C n — > C m+n , defined as in the Losev-Manin case by concatenation 
of chains, and the diagrams 

L m x L n y lj rn j rn 
r v r v C 

>~"m /N t -"n 7 ""m+n 

are commutative. 

The morphism L n — > C n maps the open dense torus of X(A n ), the moduli 
space of irreducible n-pointed chains, onto the moduli stack of irreducible degree- 
n-pointed chains. This open substack of C n parametrises subschemes S of degree 
n in P 1 \ {0, oo} modulo automorphisms of P 1 fixing and oo. An object over an 
algebraically closed field K can described by a monic polynomial niLiG/ — s i) °f 
degree n with si, . . . ,s n G K* determined up to scaling by a common factor A G K* 
and permutations. We can write this polynomial as 

y n - (si + • ■ • + s^y 11 - 1 + + {-) n Sl ■■■s n 

where the coefficients are the symmetric polynomials in s 1; . . . , s n . Assuming Si • • • s n 
= (— l) ra , we have a polynomial of the form 

y n + a x y n - x + a 2 y n ~ 2 + + a n _ lV + 1 
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with coefficients ax, ... , a n _i G K. The isomorphism class of the object determines 
these coefficients up to the equivalence (aj, . . . , a n _i) ~ (£ n_1 ai, . . . , £a n _i), £ an 
n-th root of unity. The moduli stack of such objects is the quotient stack [A n_1 //vl> 
where the group scheme fi n of n-th roots of unity acts with weights (n— 1, • • • , 1). 

It contains an (n — 1) -dimensional algebraic torus T parametrising classes of 
polynomials with non-zero coefficients. A A-valued point of T is given by an 
(n— l)-tuple 



6i 



0.2 
4' 



OJ03 



z, a fc-l a fc+l 

ft — 5 



-3«r7 



■*7l— 1 



of elements hi of the field K. These expressions in the a» form a set of generators of 
u n -invariants in the coordinate ring of the torus (G m ) n_1 C A™ -1 . Equivalently, we 
can express a A-valued point of T as a collection (a 1; . . . , a„_i, £>i, . . . , 6 n -i) U P to 
the equivalence 



(ai, . . . , a n _i, 6i, . . . , 
for Ki G K* and A» = ^/(^ 



&n-l) ~ (kiOi, . 
-iK i+1 ), putting kq 



Kn-ldn-l, Kbi, . . . , A n _l&„_i) 
"C r i 1 . 



Allowing certain subsets of the coordinates a i; hi to become zero, we obtain a toric 
tame stack which compactifies the moduli stack [A n_1 /u n ] of irreducible chains. Its 
definition and properties are contained in section [2] and we will show in section [3] 
that it coincides with the moduli stack C n . In particular, degenerating some of the 
hi to zero can be interpreted as degenerating a projective line to a reducible chain 
of projective lines. These additional divisors arise as in diagram (pQ). 

Example 1.8. We illustrate some results of this paper in the case n = 2 (see 
also examples \2.2\ 13.8} 14. . There is a natural embedding of degree-2-pointed 
chains (C, s_, s + , S) into P 2 determined by the line bundle Oc(S) (for arbitrary n 
see section [3]): in P 2 = P(H°(C, Oc(S))) we can choose homogeneous coordinates 
Vo,yi,y2 such that C is given by an equation y y 2 = biyf, the subscheme S C C by 
an additional equation y + a\y\ + y^ = 0, and the two sections s_, s + are (1:0: 
0), (0:0: 1). Over an algebraically closed field K, data (a\, h\) G K 2 \ {(0, 0)} up to 
the equivalence (ai,&i) ~ («iQi,Ai6i) for k 2 = Ai G K* correspond to isomorphism 
classes of degree- 2-pointed chains over K. 



V0 + V2 = 




J/0 + aiJ/l+J/2 = 




J/0 + ai£/i+?/2 =0 
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The moduli stack C 2 is isomorphic to the quotient stack [(A 2 \ {(0,0)})/G m ] for 
the operation with weights (1,2), i.e. the weighted projective line P(l,2) (which 
coincides with the toric orbifold y(A n _i) for n = 2 defined in section [5]). The open 
substack parametrising irreducible curves, the locus where b\ ^ 0, is the quotient 
stack [A 1 //^] with coordinate a\ on A 1 . The open substack parametrising objects 
without isomorphisms, the locus where a\ ^ 0, is isomorphic to A 1 with coordinate b\. 

The morphism L 2 — > C 2 is faithfully flat and finite of degree 2. We introduce 
homogeneous coordinates Z-, z + of L 2 = P 1 that measure the position of one of the 
marked points of a 2-pointed chain with respect to the other marked point at (1:1) 
of its component isomorphic to P 1 , such that the two points (0: 1), (1 :0) correspond 
to reducible chains (cf. [BBllaj ). Then the point (1: -1) corresponds to a 2-pointed 
curve P 1 with marked points (1:1), (1 : -1) giving rise to a degree-2-pointed curve 
with automorphism group \i 2 . The point (1: 1) corresponds to the point of C 2 with 
nonreduced S, the morphism is ramified here and etale elsewhere. 



U = P ! 




(0:1) 
(1:0) 



£ 2 = P(i,2) 



^ 2 

rv ai=0 



nontrivial 
automorphism 



nonreduced S 
ramification 



6l=0 



reducible chain 



We will see in section H] that the morphism L 2 — > C 2 is given as 

(z_+z + : z^z + ) : P 1 -> P(l,2). 



2. The toric orbifolds y(A n ) 

In this section we will consider a family of toric orbifolds associated to the Cartan 
matrices of root systems of type A, but also comment on some generalities on toric 
stacks. 

We use the definitions and notations of [BCS05J. A stacky fan X = (N, E,/3) 
defining a toric orbifold has the property that the abelian group iV is free; it consists 
of the data of a simplicial fan E in the lattice N and elements n e G g R N for the 
one-dimensional cones g G S(l). Here we assume them to span the ambient space 
Nq. The homomorphism (3: Z S( ^ — > N maps the elements of the standard basis to 
the elements n e . Dually we have the exact sequence 

— y M = Hom z (iV, Z) ^ Z E(1) DG(/3) — > 
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giving rise, as sequence of character groups, to the exact sequence of diagonalisable 
group schemes 

1 — ► G — y T S (i) — > T M — y 1. 

The toric orbifold X s is defined as the quotient stack [U/G] with U C A S W the 
open subset defined by the information which of the one- dimensional cones form 
higher dimensional cones of S. The constructions make sense over the integers, 
however, working with G-torsors, in general one may have to choose an appropriate 
Grothendieck topology on the base category possibly finer than the etale topology 
(see also remark I2T81) . The resulting algebraic stacks Xs are tame stacks in the sense 
of |A()V08] . 

Definition 2.1. We define the toric orbifold y(A n ) associated to the Cartan matrix 
of the root system A n in terms of the stacky fan T(A n ) = (N, T(A n ), 0): let iV = Z n 
and let the linear map /3 : 1? n — y N be given by the n x 2n matrix 

/-2 1 ••• 1 ••• \ 
1 -2 1 ••• 1 ••• 
1 -2 ••• 1 ••• 

\ : I'::':) 

i.e. the matrix consisting of two blocks (-C(A n ) I n ), where C(A n ) is the Cartan ma- 
trix of the root system A n and I n the n x n identity matrix. The fan T(A n ) consists 
of the 2n one-dimensional cones Qx, ■ ■ ■ , g n , Ti, . . . , r n generated by the columns of 
the above matrix. A subset of one-dimensional cones generates a higher dimensional 
cone if it does not contain one of the sets {qi,ti}, ... , {g n ,r n }. This defines a fan 
containing 2™ n-dimensional cones 07 generated by sets : i ^ 1} U {7* : i G /} for 
subsets I C {1, . . . , n}. 

For the stacky fan Y(A n ) the map /3: Z 2n — y N gives rise to the exact sequence 
of lattices 

r-c\ 

— ► M = Z n V -^4 Z 2n ( ^ } DG(f3) = Z n — y 

where C = C(A n ) T = C(A n ) is (the transpose of) the Cartan matrix, and the exact 
sequence of tori 

1 _> G=(G m ) n (G m ) 2n T N = (G m ) n 1 

where G = (G m ) n — y (G m ) 2n , ...,K n ) \-> («i, . . . , K n , X u . . . , X n ) with A» = 
K i / ( K i-i K i+i) setting k = /t n+1 = 1 (cf. last section). Note that the toric orbifold 
y(A n ) arises as quotient [U/G] by a torus G. 

Example 2.2. The toric orbifold y{A\) is isomorphic to the weighted projective 
line P(l, 2): we have the matrix (-2 1 ) and the stacky fan looks as follows: 

Qx n 



10 



MARK BLUME 



Example 2.3. The toric orbifold y (A 2 ) arises from the matrix 
We have the stacky fan 



T(A 2 ) 







Qi 


°{2} 


r 2 

0-{l,2} 


Ti 












(70 




















Q2 







f-2 1 1 0\ 
I 1 -2 1 ]' 



The description of the functor of a smooth toric variety given by Cox [Co95b] in 
terms of collections of line bundles with sections determined by the combinatorial 
data has been extended to toric Deligne-Mumford stacks by Iwanari |Iw07] and 
Perroni [Pe08] . For the stacky fan Y(A n ) we have: 

Definition 2.4. An T(A n )-collection on a scheme Y is a collection 

where (=Sf ft ,aj) and (Jzf Ti ,&i) are line bundles with a section and 
c x : if T1 ®^®- 2 ®<¥ Q2 -> C y , c 2 : ^ T2 ® Jgf w g)j£f®- 2 ® J^ 3 -> Cy, 



are isomorphisms. These data are subject to the nondegeneracy condition that for 
every point y EY and i = 1, . . . , n not both a,i(y) = and bi(y) = 0. 

A morphism ££' — > j£f between two Y(A n )-collections =Sf = ((j^ 4 ,aj)j, (Jf Ti ,bi)i, 
(ci)i) on K and Jzf' = {(-^L, a>i)i, (-^., ^)«; ( C D«) on over a morphism of schemes 
/: F' — )• F is a collection ((r^)^!,...^, (tj)i=i,..., n ) consisting of isomorphisms of line 
bundles r«: /*JS? ft ->■ J2£, t<: jF*J^ '->■ Jzf^ such that r^/*^) = aj, = &■ and 

the diagrams 

(2) | | 

(z = 1, . . . , n; for i = 1, n omit the factors indexed by g , g n +i) commute. 
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We denote the fibred category of Y(y4 n )-collections over the category of schemes 
by Ct<A n )- It comes with the cleavage given by pull-back of line bundles: for /: Y' — » 

Y we have an arrow /*JSf — > Jzf in Cx(A n )- The definition describes a morphism 
Jzf' — > Jzf in CT(A n ) as composition of a morphism J2?' — > f*J>? over idy with 
/*Jz? ->• ££ over /: Y' — >■ Y. 

Remark 2.5. For an affine scheme Y a morphism of T(A n )-collections Jzf' — >■ Jz? 
over zdy, after fixing isomorphisms of the line bundles with the structure sheaf, cor- 
responds to a collection K\, . . . , K n , Ai, . . . , A n 6 O y (Y) such that the isomorphisms 
Oy S J8f ft -> J^'. S C y and Oy S .£f T . -> J^. S £>y are given by multiplication 
by Ki and \. The condition expressed in diagram (|2J) translates into the equations 
Aj = ^/(Ki-iKj+i), putting k = n n+1 = 1. 

The category of S-collections Cs for a stacky fan 5] is a category fibred in 
groupoids (CFG) over the base category of schemes. By descent theory for quasi- 
coherent sheaves the CFG Cs forms a stack in the fpqc topology, see [Vi05|. Thm. 
4.23]. By Iwanari |Iw07t Thm. 1.4] (for toric orbifolds) and Perroni |Pe08t Thm. 2.6] 
(for toric Deligne-Mumford stacks) over fields of characteristic 0, working with the 
etale topology, there is an isomorphism of stacks = C^. Also over more general 
base schemes we have an isomorphism = Cs; we make some comments on this 
issue. 

Construction 2.6. Explicitely, one can construct an isomorphism — Cs as 
follows, here for simplicity we stick to the orbifold case and assume that the one- 
dimensional cones generate the ambient space Nq. 

Note that we have a natural G-equivariant S-collection ((Ou®V g , x g ) e , (id) m ) on 
U, where V e is the one-dimensional representation such that the coordinate x e of 
U C A 2 *- 1 ) is an invariant section of Ou <8> V e (in the case of smooth toric varieties 
as considered in |Co95a] this G-equivariant collection descents to the universal col- 
lection on the toric variety). Since both fibred categories are Zariski-stacks we can 
restrict to the base category of affine schemes. 

Starting with an object of X^, over Y, that is a G-torsor p: E — » Y together 
with a G-equivariant morphism t: E — )■ U, the pull-back t*((Ou <8> V g ,x g ) g , (id) m ) 
is a G-equivariant S-collection on E and gives rise to the S-collection pft*((O v <8> 
V e , x g ) g , (id) m ) on Y (the functor p^ takes the G-invariant part of the push- forward) . 

On the other hand, for a given S-collection ((Jf e , u e ) e , (c m ) m ) on an affine scheme 

Y we construct a G-torsor with a G-equivariant morphism to U. Let E_ be the 
contravariant functor on the category of Y-schemes 



where V g , the one-dimensional representation as above, is used to define an op- 
eration of G on this functor. Then one can show that the functor E_ with this 
G-action is represented by a G-torsor p: E — >■ Y together with a universal isomor- 
phism p*((Jf g , u e )g, (c m ) m ) = {(OE®Vg,u®) e , (id) m ) of G-equivariant S-collections, 
provided that the original S-collection is locally trivial in the sense that there is a 




Hi- collections ((Oy eg) V s ,u' g ), (id) m ) on Y' 
with an isomorphism of S- collections 

q*((^g, Ug)g, (C m ) m ) ((0 Y , ® Vg, U^g, (id) m ) 
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covering / ': Y' — >■ Y such that f*((Jf e ,u e ) e , (c m ) m ) is isomorphic to a collection of 
the form ((Oy',u' ) q , (id) m ); collections of this form correspond to trivial G-torsors. 
We will assume that the topology on the base category is such that any S-collection 
has this property, see also the following remarks. The sections {u^ ) e of the universal 
S-collection on E then define a G-equivariant morphism E — >■ U C A 1 ^ 1 ). 

Making use of the fact that for a G-torsor p: E — > Y we have the equivalence 
QCoh(F) -H- QCoh G (£') given by the functors p* and p^ , one can show that these 
constructions define functors -H- C-s, whose compositions are isomorphic to the 
identity functors. 

Remark 2.7. We can interpret the construction of the G-torsor as the coboundary 
homomorphism d in the exact sequence (see |Gi[ Ch. Ill, §3]) 

H°(Y,G) — ► H°(Y,T m ) — > H°(Y, T M ) -A H\Y,G) 

where elements of H l (Y, G) are isomorphism classes of G-torsors over Y: given a E- 
collection ((Cy,w e ) e , (c m ) m ) on Y, the automorphisms (c m ) m of the structure sheaf 
can be interpreted as a morphism Y — > T M or section of T M xK-^Y, and fitting 
into the cartesian diagram 

— > T S (x) 

I I 
Y — > T M 

we obtain a G-torsor — )■ K which is trivial if and only if (c m ) m G H°(Y, Tm) comes 
from an element of H°(Y,T^i)). 

Remark 2.8. Working with G-torsors, we usually assume that the Grothendieck 
topology on the base category is fine enough in the sense that we have the same 
G-torsors as we have with respect to the canonical topology. We have seen that this 
assumption was necessary to derive the isomorphism = C-^: whereas the notion of 
G-torsor depends on the topology, this is not the case for the notion of S-collections. 
For S-collections we have the corresponding assumption that ^-collections are lo- 
cally trivial with respect to the topology (in the sense of construction 12. 6p . In 
characteristic this is always true for the etale topology. In general we may have 
to take a finer topology, for example the fppf topology. 

In the case of the stacky fan Y(A n ) the lattice M is a direct summand of Z s ^^ and 
the group scheme G a torus, so the following result also holds in weaker topologies 
like etale or Zariski. 

Corollary 2.9. There is an isomorphism of stacks y(A n ) = Ctm„)- 

In particular, a if-valued point of y(A n ) corresponds to (ai, . . . , a n , b\, . . . , b n ) G 
K 2n such that for any i not both aj = and bi = 0, up to the equivalence relation 
given by multiplication by a collection (/ci, . . . , K n , Ai, . . . , A n ) G (K*) 2n as in remark 
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3. y(An-i) AS MODULI STACK OF DEGREE-n-POINTED CHAINS 

In this section we will prove the following theorem. 

Theorem 3.1. There is an isomorphism of stacks C n = y(A n _i). 

Because the fibred categories under consideration are stacks we can restrict to 
the base category of afline schemes. We will relate families of pointed chains over 
affine schemes to Y(A n _ x) -collections and prove an equivalence of fibred categories 

C-n = CT(A n _x)- 

Let (C,s_,s + ,S) be a degree-n-pointed chain of projective lines over a field K. 
We look at the closed embedding C P K (H°(C,O c (S))) = Y n K determined by 
O c (S). 

First assume that C is irreducible, that is C = P^. The vector space H°(C, Oc(S)) 
is (n + l)-dimensional and we have a basis yo, . . . ,y n such that the divisor of yi 
satisfies div(?/j) = + (n — i)s+. The ideal sheaf J? = Oc(—S) — > Oc defining 
S is a line bundle. Tensored with Oc(S) we have an inclusion Oc — > Oc{S) with 
cokernel 0$, and the image of the 1-section of Oc is a global section X^=o a *^ e 
H°(Y, O c {S)). The subscheme S C C is given by the equation Y^=o a iVi = 0> where 
a , a n 7^ as S does not meet s_, s + . We can choose the basis y , . . . , y n such that 

GO — a n — 1- 

The embedding defined by Oc(S), the n-fold Veronese embedding or n-uple em- 
bedding, gives an isomorphism of C onto the subscheme in P^- determined by the 
equations 

ViVj+i = h+i ■ ■ ■ bjy i+1 yj 
for < i < j < n and certain numbers bi, . . . , G K* . These equations express 
the condition that the rank of the matrix 

A/o ••• 6i • • • K-iy n -i\ 
\yi V2 ••• y n J 

is less than 2. The subscheme «S in the embedded curve is given by the additional 
linear equation 

y n + a n _iy n _i + ... + aij/i + y = 0. 
Similarly, we have a natural embedding of reducible degree-n-pointed chains of 
projective lines into P^-. 

Proposition 3.2. Let (C, s_, s + , 5") fee a degree-n-pointed chain of projective lines 
over a field K. It decomposes into irreducible components C±, . . . ,C m = P^ with 
poles (pi,Pi), • • • , {PmiPm) suc h ^at s_ = p\ , s + = p+ and C{ intersects Cj+i in 
Pt = Pi+i- Let ni, . . . , n m be the degrees of S on the components C±, . . . , C m and 
Nk = Yli=i n i- Then there is a basis yo,...,y n of H°(C, Oc(S)) characterised up to 
nonzero scalars by the following conditions: yi is nonzero only on the components Ck 
satisfying Nk-i < i < Nk and in this case div(yj)|c fc = (i — Nk-ijp^ + (Nk — i)p^ . We 
scale yo,y n such that the image of the 1-section under the inclusion Oc — > Oc(S) is 
12i=o a iyi e H°{Y, Oc(S)) with a = a n = 1, that is, S is given by an equation 

(3) y n + a n _ x y n _ x + ... + a x y x + y = 
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for some a±, . . . , a n _i G K . These sections yo, ■ ■ ■ ,y n satisfy the equations 



(4) 



ViVj+i = h+i 



■ ■ ■ bjVi+iVj 



for < i < j < n and certain numbers b%, . . . , b n _i G K such that bj = exactly if 



The curve C embeds into Pk{H°(C,Oc{S))), the image being the subscheme de- 
fined by the equations fl3J) . The subscheme S of the embedded curve is given by the 
additional equation (jHJ). The sections s_, s + are (1:0: ... : 0), (0 : ... : : 1). 

The numbers a\, . . . , a n _i and bi, . . . , 6 n _i m ([3]) and (j3J) /iawe i/ie property that 
not both a,j = and 6j = 0. 

We will not work out the proof in detail, but add some remarks. 

Remark 3.3. The component Ct is embedded into the projective subspace of 
Pk(H°(C, Oc(S))) spanned by the coordinates VN h ^i, ■ ■ ■ ,VN k via a Veronese em- 
bedding, the image is given by the equations corresponding to the condition that 
the rank of the matrix 



is less than 2. The equation (j3J) reduces on to a Nk y Nk + . . . + a^^y^^ = 
which defines a finite subscheme Sk of degree nt in Ck Q P#. A subscheme Sk of 
this form does not meet the poles of Ck provided that ajv fc , a v fc _! ^ 0. 

We generalise this to degree-n-pointed chains over affine schemes. 

Proposition 3.4. Let (tt: C —±Y, s_, s + , S) be a degree-n-pointed chain of projective 
lines over an affine scheme Y . Then there is a decomposition ir*Oc(S) = ®" =0 Oyy% 
characterised on the fibres by the properties of proposition \3.Si The generators 
Vo, ■ ■ ■ iVn ^ H°(Y,7r*Oc(S)) of the individual summands, after possibly rescaling 
by a global section of Oy, satisfy: 

(i) The image of the 1-section under the inclusion Oq — > Oc{S) is of the form 



(ii) The kernel of the homomorphism of algebras Syiim*(Oc{S)) — > {&'k ) =o n *Oc(kS) 
is generated by the equations 



for < i < j < n and some b\, . . . , 6 n _i G Oy(Y). 

The line bundle Oq{S) determines a closed embedding C — > C C V Y {^*{Oc{S))) 
= Py over Y . Its image C in the coordinates yo, ■ ■ ■ , y n is defined by the equations 
in (ii), the image of S in C by the additional equation in (i), and the sections s_, s + 



j G {JVi,...,^!}. 




y n + a n _iy n _! + . . . + a x y x + y - 



yiy j+ i = 6i+i 



■ • • bjyi+iyj 



are (1:0: ... :0), (0: ... :0:1). 
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Proof. Given a point y G Y, we construct a decomposition of tt*Oc(S) into a direct 
sum of structure sheaves over an open subscheme containing y. The decomposi- 
tion of C y into irreducible components C y = C\ U . . . U C m determines over an 
open subscheme Y' CY containing y a decomposition of S into divisors S±, . . . , S m 
which are disjoint and such that S}~ only meets one component on each fibre and 
the component C k over y. Each Sk determines a morphism onto a P 1 -bundle P y ,, 
which on the fibres is an isomorphism on the component containing S k and con- 
tracts the other components (similar as the contraction morphisms in |Kn83j . cf. 
also |BBlla[ 3.3]). We have global sections j/q , . . . , yn of Opi^Sfc) with the prop- 
erty that • • • ,yN k satisfy div(yf>) = (i - N k ^)s- + (N k - i)s+ (using the 

notation Sfc,s_,s + also for their images in Py/). Let the other yf^ be constant 
nonzero. Using the pull-backs of these to C\y> denoted by the same symbols, we de- 

fine Vi = y^ ■ --y^ G H°(C\ Y ,, O c (S)) = H°{C\ Y ,, O c {S x )®. . .®O c (S m )). These 
sections y , . . . , y n define a decomposition with the required properties over Y' . The 
decompositions it#Oc{S)\y' — (B^o^Y'Vi over the open subschemes Y' CY deter- 
mine a decomposition of n*Oc(S). 

The image of the 1-section under the inclusion Oc — > Oc{S) gives a global section 
YH=o a iVi e H°(Y, ti*Oc(S)) with a, G Oy(Y). Since ao, a n G Y (Y) we can assume 
that ao, a n = 1. 

Using what is known about the fibres and results from [EGA, III] (cf. also [Kn83j), 
we derive that n^iOcikS)) for k > is locally free of rank kn + 1, further that the 
homomorphism ^n^Oc^S) — > Oc{S) is surjective and defines a closed embedding 
C Fy^OdS)) 9* P Y . 

The embedding C —> Py corresponds to the surjection of graded algebras 
Sym7r*(C?c'(<S')) _ > ®T=o n*Oc(kS). Its kernel J' is the graded ideal that defines 
the embedded curve C C Py. Each part J'k of is locally free, being the kernel of 
a surjective homomorphism of locally free sheaves. The graded ideal J? is generated 
in degree 2 since this is the case on the fibres J? <g> n(y) for each point y G Y. The 
part J^2 of degree 2 is a vector bundle of rank ~n(n — 1). For i < j the subsheaves 
(yi + iyj, yiyj+i) and (yi+iyj) of ir*Oc(S), i.e. the subsheaves generated by the respec- 
tive sections, coincide as this is true on the fibres. Considering the case j — i + the 
kernel of the surjective homomorphism Sym 2 ir*(Oc{S)) D Oyyf +1 © Oyy^y^i — > 
(Vi+n yiVi+2) C ti^Oc (2S) is a line bundle, so isomorphic to Oy and generated by 
a global section yiyi+2 — b i+ %yf +1 for some b i+ i G Oy(Y). For general i < j we 
have as kernel yiy^\ — b i+ ijy i+ iyj for some b i+ ij G Oy(Y) and from the equa- 
tion (y i+2 - ■ -y^bi+ijVi+iyj = {y i+ 2- ■ -y^ViVj+i = {bi+i---bj){yi+2---yj)yi+iVj in 
ir*Oc(S) we conclude that = bi + \ ■ ■ ■ bj. □ 

We define a morphism of fibred categories C n — >■ Ct(a„_i)- 

Construction 3.5. Let ^ = (C — > Y, s_, s + , S) be a degree-n-pointed chain of 
projective lines over an affine scheme Y. We construct a decomposition 
Oy n+1 — ti~*Oc(S) and a basis y ,...,y n as in proposition 13. 4[ and obtain 



16 



MARK BLUME 



functions ai, . . . , a n -i, h, . . . , 6 n _i G O y (Y). We define (Sjf Qi ,ai) := (0 Y ,ai), 
{& n M) '■= (Oy, h) and have the isomorphisms q : J£ n ® £6 ° ei _ r ® Jzf®" 2 '® $£ ? Bi+1 -> Oy 
(again omit Jzf eo , JSf^) given by the identities on Oy. These data form a T(A n _i)- 
collection jSf , the nondegeneracy condition that not both cij = and 6j = in 
each point is satisfied by construction and proposition 13.21 Different choices of 
bases y , . . . , y n and y' Q , . . . , y' n are related by y { = for some Ki G Y (Y). The 
corresponding Y(A n _i)-collections Jzf and Jzf' are connected by the isomorphism 
if' Jgf consisting of isomorphisms Oy = Jgf ft J^. = Oy , Oy = Jzf Tj -»■ JS^ = Oy 
given by a collection K\, . . . , n n -i, Ai, . . . , A n _i G Oy (Y) as in remark 12.51 

For a morphism "af — » ^ of degree- n-pointed chains over f:Y' — > Y, i.e. a 
cartesian diagram consisting of /, a morphism F: C — > C that maps s'_, s' + , S' to 
s_,s + ,S and 7r: C — > Y, n' : C — > Y', we have a morphism of the corresponding 
Y(v4 n _!)-collections Jzf' — > Jzf that arises as above (we have given trivialisations 
if '.,if T '. = Oy/ and f*SS ev f*SS n = f*O y = Oy) by comparing the chosen bases 
f*io, . . ! , /*y n and ^, . . . , y' n of /*vr,O c (5) ^<F*O c (S) - <O c >{S>). 

One checks that this defines a functor $:£„—>• C-f(A n _i)- The functor $ is base- 
preserving and sends cartesian arrows to cartesian arrows. 

We also construct a functor in the opposite direction. 

Construction 3.6. Let Jzf = ((Jzf ft , a*)*, (Jzf T4 , (q)«) be a Y(A„_i)-collection 
on an affine scheme K. We choose trivialisations Jzf ft ,Jzf Ti = Oy such that the 
isomorphisms q : Jzf Ti <g) if^i-i ® ~^f~ 2 ® ~~ ® Y f° r * = 1, • • • , w — 1 (omit 

Jzf eo , Jzf^J are the identities on Oy. Let C be the closed subscheme of P y given by 
the equations yiy j+1 = b i+1 ■ ■ ■ bjy i+1 yj for < i < j < n - 1, where y ,...,y n are 
homogeneous coordinates of P y and &i, . . . , 6 n -i are considered as regular functions 
on y via the isomorphisms Sf Ti = Oy, and let it: C — > Y be induced by P y — > Y. 
By construction, the subscheme C C P y is isomorphic to Proj ye 5^ where is 
the graded algebra O Y [y , ...,y n ]/ (ViVj+i = b i+1 ■ ■ ■ b^iyf, i < j). The morphism 
7r: C — > Y is flat since each graded piece of 5? is locally free ( |EGA| III, (7.9.14)]). 
Indeed, we have y k = Oy kn+1 with basis y* and y^~ l y\ + i for % — 0, . . . ,n— 1 and 
Z = 0, . . . , — 1. Let s_, s + be the sections (1:0 : ... : 0), (0 : ... : : 1) with 
respect to the co-ordinates y , . . . , y n and let S C C be the subscheme given by the 
additional equation y n + a ra _i?/ n _i + . . . + a\y\ + y = 0, where again a 1; . . . , a n _i 
are considered as regular functions via S£ ei = Oy- This defines a degree-n-pointed 
chain of projective lines ^ = (C — > Y, s_, s+, S 1 ). 

For a morphism if' — > Jzf of T(A n _i)-collections over / : Y' — > Y we have a mor- 
phism ff 1 — > of degree-n-pointed chains. The curve ^ associated to Jzf consists 
of subschemes of P y defined with respect to homogeneous coordinates yo,...,y n in 
terms of the functions a^bi G O y (Y) after choice of isomorphisms Jzf ft , Jzf Ti = Oy, 
and its pullback f*^, coming with an embedding into P y x y Y' = P y/ , coincides 
with the subschemes of P y , defined with respect to homogeneous coordinates 
in terms of the functions f*di,f*bi G Oy(Y'), making use of the natural isomor- 
phism f*Oy = Oyi. The curve c to' associated to Jzf' consists of subschemes of P y , 
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defined with respect to homogeneous coordinates y' , . . . , y' n in terms of the functions 
a'i, b[ G Oy'(Y') after choice of isomorphisms j£f' , J§fJ! = Oy. The composition of 
isomorphisms Oy — f*Oy — f*^ei ~~ -^L — ®Y' ls given by multiplication by some 
K t G 0* Y ,(Y'), so we have = a<. The isomorphism P™, Py, = P Y x Y Y' 

such that KjT/j' corresponds to f*jji induces a morphism <£" f*^. Its composition 
with f*tf -> <T (induced by P y x y V -> P™ +1 ) gives the morphism <€' -> <*f. 

This defines a functor Ct(a„_i) — ► £n which is base-preserving and sends 
cartesian arrows to cartesian arrows. 

These two functors give the equivalence of fibred categories stated in the theorem. 

Proof of theorem \3. li We show that the fibred categories C n and Ct(a„_i) are equiv- 
alent using the functors Cx(A„-i) At and C-f(A n _i)- 

We have an isomorphism of functors \& o $ = Id, where for an object 
^ = (C — > Y, s_, s + , S) in C n the isomorphism ^ — > ^Qi^?) is given as the em- 
bedding C —> ¥ Y (7i*Oc(S)) determined by Oc(S) together with an isomorphism 
Py (n^OciS)) = P y prescribed by choice of trivialisations of the line bundles of the 
data More precisely, the data $^ consists of (Jzf ft = Oy, di), (£? n = Oy, bj) and 
the functions a iy bi determine the embedded object in Py(ir*Oc(S)) with respect to 
a basis yo, . . . , y n , see proposition 13.41 Applying the functor we choose isomor- 
phisms ££ Qi ,££ Ti — > Oy as in construction 13.61 giving rise to functions di, b\, and these 
define the object ^/^^ in P y with homogeneous coordinates y^. The isomorphisms 
Oy = S£ ei Oy are multiplications with some Ki G O y (Y), and the isomorphism 
Py(ir*Oc(S)) = P y such that coordinates yi correspond to Kijji induces an isomor- 
phism between the object ^ embedded in F y (tc^Oc(S)) and ty&'tf embedded in P y . 
One checks that these isomorphisms form an isomorphism of functors. 

Starting with data JSf , we define an object ^££ = (C — > Y, s_, s + , S 1 ) in P y 
with homogeneous coordinates yo,...,y n using functions dj, 6, obtained by choice 
of an isomorphism J5f = ((Cy, a*)*, (Oy, (id)*)), and then extract data $\I>Jz? 
consisting of line bundles with sections (Jzf ft = Oy, di), (Jz? ri = Oy, 6j) after choice of 
a basis yo, . . . ,y n of 7r*(Oc(5')) as in construction [3751 Let S 1 C Py be the hyperplane 
determined by the equation ^a^j = 0> putting a ,a n+ i = 1 (its restriction to the 
curve C C P y is the subscheme S). The isomorphism P y — >■ Py(7r >t (9pn (5)) = 
Py (tt*Oc(S)) induces the embedding C — > P y (ti*Oc(S)). Since the coordinates yi 
also satisfy the conditions of proposition 13. 4[ yi corresponds to K^yi for some Ki G 
Y (Y). Thus the functions Oj, bi and 5j, 6j are related via Kidi = 5j, AA = 6j where 
Aj = «;f/(Kj_iKj + i) (set k q = K n = 1), and the data $\I/J2f is related to the original 
data via an isomorphism ^^Jz? — > Jzf consisting of isomorphisms S£ ei = Oy — > Oy, 
££ Ti = O y — > Oy composed of the chosen trivialisations and multiplication by K i} Aj. 
One verifies that this gives an isomorphism of functors $ o \I> = Id. □ 
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Corollary 3.7. The coarse moduli space of C n , which coincides with the quotient 
L n /S n , is isomorphic to the toric variety Y(A n _{) corresponding to the simplicial 
fan T(A n _i) underlying the stacky fan T(A n _i). 

Example 3.8. In the case n = 2 we have the isomorphism £ 2 — y(Ai). The stacky 
fan of y(Ai) was pictured in example 12.21 We have the following types of pointed 
chains over C 2 — y(Ai) (cf. also example II. 8ft : 



/'2 

rv 
— 1 — 

01 = 

Ql 



ai,6i ^ 



1 

61 = 

n 



Example 3.9. In the case n = 3 we have the isomorphism £ 3 = y(A 2 ). The stacky 
fan of y(A 2 ) appeared in example 12.31 Here we picture the types of pointed chains 
over the torus invariant divisors of the moduli stack £ 3 . 
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4. The functor of X{A n -i), Losev-Manin moduli spaces 

AND THE MORPHISM TO C n 

We start by comparing three descriptions of the functor of the toric variety asso- 
ciated with root systems of type A. We use notations as in [BBllat Section 2.1], in 
particular we have the lattice M(A n -\) = (u^ — Uj : i,j G {1, . . . ,n}) C ®" =1 Zttj, 
generated by the roots (3ij = Ui — Uj and forming the character lattice for the toric 
variety X(A n ^ 1 ). Its dual N(A n _i) = 0™ =1 Zuj/^Vu;, where {ui)i and (vi)i are 
dual bases, is the lattice for the fan S(yl n _i) of X(A n -i). 

The functor of the toric variety X(A n -i) was described in [BBllaJ in terms of 
A n _i-data, i.e. families (Jzfji^.}, {tp iV t-p i:j }){±p ~} of line bundles with two generat- 
ing sections that satisfy t a tpt~j = t- a t-0t^ if 7 = a + (3, up to isomorphism of line 
bundles with a pair of sections. With pull-back of line bundles and its sections we 
have the functor of A n _!-data, see [B Blla} Def. 1.17]. 

On X(A n -i) we have the universal A n _!-data, which can be defined using the 
morphisms (p{±py. X(A n _i) P 1 induced by pairs of opposite roots {±(3^} in 
A n _i (see [BBlla, Ex. 1.5 and 1.13]). We have homogeneous coordinates zp ij7 Z-p^ G 
F (P 1 ,O P i(l)) such that = (p\ ±p%} (zp t J z_ Pi] ) } where x u for u G M(A n _i) is 
the rational function corresponding to an element of the root lattice. Let JSf{±^ .} = 
< P{±p ij }°P 1 ( 1 ) and *Aj>*-Ai be the Pull-back of zpyz_p iy 

By [BBlla, Thm. 1.20] the toric variety X(A n _i) together with the universal 
A n _i-data represents the functor i^n-i- 

We can also apply the description of the functor of a smooth toric variety of Cox 
|Co9 5b] to X(A n -i). The fan E(A n _i) gives rise to the notion of a £(A n _i)-collection 
((Jtfi,wi)i,(cij)ij) on a scheme Y, consisting of line bundles on Y with a global 
section (^fj,wj) for 7^ I C {l,...,n} and isomorphisms c^-: ((£) ie i jgj -S^i) ® 

igijei-Sfp X ) for ^ J ^ {!>•••) "1, « 7^ h such that identifications of the 

form Cij <g> Cj^ = c^. hold. These data have to satisfy the nondegeneracy condition 
that for any point y G Y there are sets 1\ C . . . C I n _i C {1, . . . , n} with | Jj| = z 
such that Wi(y) 7^ if J 7^ /1, ... , I n -i. We denote the functor of S(A n _i)-collections 

by C7 s(An _ l) . 

On X(A n _i) we have the universal S(^4 n _i)-collection given by the line bundles 
££j = Ox{A n - 1 ){Di). l where Dj is the torus invariant prime divisor corresponding 
to the ray generated by Yliiei v h w ith the section wi arising as the image of the 1- 
section under the natural inclusion Ox(A n -i) — >• Ox(a„- 1 )(D i ) and the isomorphisms 

i^/je/^j) ->■ 0x(A„_o induced by multiplication with 
the rational functions ar y on X(A n _i). 

By |Co95b] the toric variety X(A n -i) together with the universal E(A n _i)-collec- 
tion ((Ox(A n ^)(Di), w/)/, (cij)ij) represents the functor Cs^,). 

As both functors Cs(a„_i) and Fa„_i are isomorphic to the functor of the toric 
variety X(A n -x), we have an isomorphism of functors Cs^-i) _ > ^!a»_u which we 
describe explicitely. 



20 



MARK BLUME 



Proposition 4.1. By the following procedure we can construct A n -i-data 
{■&{±Pij}, {tp iV t -p ij )){±M out °f « S(Ai-i) -collection ((j£fj, w/)/, (cy)y) over a 
scheme Y: for a pair of opposite roots ±f3ij in A n ^\ we have isomorphisms 

iei,j0-S?i ^"""^ ®i<£i,jei^i of line bundles on Y defined by Cij,Cji inverse to 
each other, and we let J£{±p i:j } be a line bundles in the same isomorphism class, with 
the sections t^^t-^ defined as the images of ILe/jW W/ ' ^-i0,jei Wl m ^{±Pij} 
under isomorphisms compatible with the above. This construction defines an iso- 
morphism of functors Ce(a„_i) _ > ^A n _i, mapping the universal S(^4 n _i) -collection 
to the universal A n -\-data. 

Proof. This construction defines a morphism of functors Ce(a„-i) — > -^A n _i, in 
particular the requirement that the two sections t±p ij as defined in the construc- 
tion generate the line bundle J£{±p i5 } follows from the nondegeneracy condition of 
E(A n _i)-data. One can show that this morphism of functors is an isomorphism 
by showing that it coincides with the composition of isomorphisms (7e(a„_i) — > 
Mor( • ,X(An-i)) — > Fa u _ 1 - This follows from the fact that the universal E(A n _i)- 
collection is mapped to the universal A n _i-data, which is easy to verify. □ 

Considering the universal data on X(A n -i), we have isomorphisms 
(Stifzj^i — > ®j e i^i via multiplication by the rational function . For any 
chosen j G {l,...,n} we may define xi,...,x n G H°(X(A n -i), ®j eI as im- 
ages of the sections riiG/' u; /; ■ ■ ■ ■> Ylnei w i un der these isomorphisms. We then have 

Definition 4.2. Given an ordering i\, . . . ,i n of the set {1, . . . ,n}, we define line 
bundles Jzfi, . . . , Jz? n _i on X(A n -i) and sections xj of Let 

J£>. — jg®(\{h,---,ij}nl\-max{0,\l\+j-n}) 

be defined in terms of the universal E(A n _i)-collection. The line bundles 
(^)/ =^/ gl( '' Jn/ ' max {°'' / ' + ' ? n ^ for any J C {l,...,n} of cardinality j are isomorphic 
to ^fj via multiplication by Yiiej x il 111=1 x ik ( can a ^ so ^ e expressed in terms of 
the isomorphisms Cjj being part of the universal E(A n _i)-collection). We define 
xj G H°(X(A n -i),J&'j) as the image of f| 7 w j JnJ l _m ^{°>l- r l + -? _n } unc ler this isomor- 
phism. 

For these sections xj G H°(X(A n _i), J0\j\) we have equations of rational functions 

II, / '/ 11/ = x j/ x J' = U j eJ' x n,-M\{j}/U j eJ x {h-,n}\{j}- 

Remark 4.3. The line bundle Jfj was defined as O x(A n ^. 1 ){D) in terms of the divisor 
D = diDi, where dj = . . . , ij} D I\ — max{0, |/| + j — n}, which corresponds 
to the lattice polytope 

A?(Ai-i) = e M(A n _i) Q : Eie/UiH > 

= conv { J u i ~ Ek=i : l J l = i } 
in M(A„_!)q; the elements Xj G if°(X(A n _i), JS^-) for |J| = j form a basis of 
global sections. Different choices of the ordering fixed in the definition give rise to 
translated polytopes. 
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The line bundle j£fi with its basis of global sections x\,...,x n defines a morphism 
X(A n _i) — > P ra_1 . This morphism is a composition of toric blow-ups as described in 
|Ka93} (4.3.13)]. It maps the divisors of X(A„_i) to the torus invariant prime 
divisor Di = {xi = 0} of P n_1 , and more generally Dj to f] ieI Similarly, we have 
a morphism X(A n -\) — > P n_1 defined by the line bundle Jzf n _i mapping the divisor 
-D{i,...,n}\{i} of X(A n -i) to the torus invariant prime divisor D* = {xii,...^}^} = 0} 
of P"" 1 , and more generally -D{i,..., n }\/ to f] i&I D*, see also |Ka93| (4.3.14)]. We also 
consider the morphisms defined by the other line bundles S£f 

Proposition 4.4. The line bundle ££j is generated by the basis of global sections 
(xj)\j\=j, it determines a projective toric morphism 

X(A n ^) P((x j :|J|=j)) = p(")- 1 

which is birational onto its image. Together, these morphisms form a closed embed- 
ding 

(5) x(A n ^) nU ■■ \j\ = j)) = u;:l p® -1 . 

The subscheme X(A n ^\) in this product is defined by homogeneous equations 

(6) U l i= i x Ji = U\=i x Ji 

where ^ J,, J- C {1, . . . ,n} such that | Jj| = \ J' i \ and the equation for the charac- 
teristic functions ^ XJ% = Yli Xj' i- s satisfied. 

Proof. That J^- is generated by global sections (xj)\j\=j and determines a projec- 
tive toric morphism follows from the fact that ££j can be reconstructed from the 
polytope Aj(A n _i), see remark 14.31 This morphism is birational onto its image 
since the polytope is full-dimensional. We describe these morphisms in terms of the 
corresponding maps of fans. 

For the toric variety P((xj : \J\ = j)) we have the character lattice M(A n _i)j C 
0|j| =j . Zmj generated by differences uj — uj> and the dual lattice N(A n -i)j = 
(0|j| =J - ^vj)/{^2jV j). The fan of P((xj : \J\ = j)) has the one- dimensional 
cones generated by the vj. The morphism X(A n -i) — > P((xj : \J\ = j)) is de- 
termined by the map of lattices M(A n _i)j — > M(A n _i), u; K J2iej u ii or dually 
N(A n ^i) — > N(A n -i)j, Vi h> ^2 ieJ vj, which defines a map of fans. 

The product of these morphisms is given by the map of lattices ©™ =1 M(A n ^ 1 )j — > 
M(v4 n _i) with kernel generated by elements of the form Yli n Ji ~ Yli n J' such that 
\Ji\ = \J[\ and YliiXj l — YliiXj'- This gives rise to the homogeneous equations. 

The maximal cones of the fan of P((xj : \J\ = j)) are the cones <Tj generated 
by {vj> | J' J, \ J'\ = j}. For an ordering i%, . . . ,i n of {1, . . . ,n} the preimage 
of the maximal cone o~u \ x o'{i„,i n _ 1 } x . . . x 0"{j nj i2 } of the product fan is the 
maximal cone of S(yl n _ 1 ) generated by v il ,v il + v i2 , . . . ,v il + ... + Ui n _ 1( thus the 
open sets corresponding to maximal cones of this form cover the image of X(A n -i). 
The corresponding maps of coordinate algebras are surjective, so the morphism is a 
closed embedding. □ 
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Remark 4.5. The (n — l)-dimensional permutohedron, usually denned in an n- 
dimensional vector space as convex hull of the orbit of (n, n — 1, . . . , 1) under the 
action of the symmetric group S n permuting the given basis (cf. for example |Ka93} 
(4.3.10)]), can be considered as a lattice polytope in M(A n _i)q C Q n after a trans- 
lation moving one of its vertices, specified by fixing an ordering ii, . . . ,i n of the set 
{1, . . . , n}, to the origin: 

A(A»-l) = COnV { Y,k=l( n ~ k ) U *(k) ~ Y2=l( n - k ) U ik '■ a e S n}- 

We have Minkowski sum decompositions of the permutohedron, first 

into line segments Uj — {r ■ | < r < 1} corresponding the line bundles J^ift,} 
forming the universal A n _i-data (choosing Ox(A n - 1 )(J2i k ei igi Ar) in the isomor- 
phism class of Jzfji^ if k < j), and second 

A(Aj_i) = Ai(Ai-l) + • • • + A n _!(^ n _!) 

into the polytopes corresponding to the line bundles Jfj. 

Remark 4.6. The closed embedding fl5]) together with the functor of projective 
spaces gives another description of the functor of the toric variety X(A n _i). We 
have a contravariant functor on the category of schemes: its data on a scheme Y 
are line bundles with generating sections (Jz^-, (xj)|j|=j)j=i,...,n-i U P to isomorphism 
such that the sections satisfy the relations ([H]), and for morphisms of schemes we 
have the pull-back of line bundles with sections. We call the data on X(A n ^i) 
introduced in definition 14.21 the universal data on X(A n _i). Then, the toric variety 
X(A n ^i) together with the universal data represents this functor. Further, the 
method of definition 14.21 applied to £(v4 n _i)-data over arbitrary schemes gives a 
morphism from Cs(a„_i) to this functor, mapping the universal £(v4 n _i)-collection 
to the universal data. As in the proof of proposition 14.11 this implies that we have 
an isomorphism of functors. 

The following observation can be directly calculated from the definition of the line 
bundles ££y 

Lemma 4.7. We have isomorphisms 

(7) 2f£ ® Jgf ® ^tl 1 = ®\J\=*- S 

where we set = Jzf n = Ox{A n -i)- 

Definition 4.8. We define the divisors C±, . . . , C n -\ and D\, . . . , -D n _i on X(A n -i). 
Let Dj = Yl\j\=n-j Dj and let Cj be the zero divisor of the section $^|j| = j x j of the 
line bundle Sfj. 

Remark 4.9. We may write the isomorphism ([7J as linear equivalence of divisors 
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The rational function 

, Q , (E|jh-i*i)(£|jh + iSj) 



(£m=7^ 



,2 



has divisor Dj + C 3 -_i + Cj + i — 2Cj. 

Lemma 4.10. For j = 1, . . . ,n — 1 we have Cj fl .D, = 0. 

Proof. Can easily be checked locally using the covering of the following remark. □ 

Remark 4.11. Given a S(A n _i)-collection ((jSfr, if/)/, (cy)y') on a scheme F, by 
nondegeneracy we have the following covering of F by open subschemes: for a 
permutation cr G S n set X CT = j{cr(n)}, {cr(n), 0"(n — 1)}, . . . , {cr(n), . . . , cx(2)}} and 
let be the open subscheme of F where Wi ^ for / ^ X a . 

In the case of the universal £(A n _i)-collection on X(A n _i) the subscheme W a C 
X(An-i) corresponds to the maximal cone (f CT (n), • • • ,v^ n ) + . . .+u <7 (2)) C iV(,4 n _i)<Q 
dual to the cone generated by the simple roots u a ( n ) — M<j( n _i), . . . , u a ^) — Ua(i) and 



has as coordinate algebra the polynomial ring generated by 

X (7(n — 1) "^(l) 

By |BBlla| Thm. 3.19] there is an isomorphism between the functor i 7 k n _ 1 and 
the moduli functor of n-pointed chains of projective lines L n mapping the universal 
A n _i-data to the universal n-pointed chain (X(A n ) — >■ X(A n -x), s_, s + , s\, . . . , s n ) 
defined in |BBlla| Con. 3.6]. This means that the toric variety X(A n _i) coincides 
with the Losev-Manin moduli space L n (we use the same symbol for the functor and 
the moduli space). The construction uses an embedding of n-pointed chains into 
(P 1 )™. 

This also implies that there is an isomorphism between the functor C-£(A n -i) and 
the moduli functor L n compatible with the other isomorphisms of functors. We 
make this isomorphism explicit using an embedding of n-pointed chains into P n . 

Construction 4.12. Let ((^j,wj)j, (cjj)y) be a E(A n _i)-collection over a scheme 
Y. We construct an n-pointed chain of projective lines (C — > Y, s_, s + , si, . . . , s n ) 
using the covering of Y by (W a ) a£ s n ( see remark II. lip . 

For a e S n the restricted E(A n _i)-collection ((Sfjlw^, itf/lvO/) ( c y lw ff )y) is 
isomorphic to a S(yl n __i)-collection ((-2j CT , Wj)i, (c£-)y) on with the 

property (^ff,w") = (Ow a , 1) for 7 X CT , and for i = l,...,n — 1 we have 
isomorphisms (% mU{{) ■ -^(n),..,*(;+i)} ^ Let < e Owv(W ff ) be the 

image of w^/ n ),...,tr(i+i)}- Equivalently, we can use the restricted original data 
({J£i\w a i Wi\wJ)ii { c ij\w<r)ij) and the image of the respective product of the restricted 
tu/'s under c a(i+1)ta{i) \ Wa . 

From these functions wf , . . . , w^_ x we construct an n-pointed chain over W a em- 
bedded in the projective space P^ ct with homogeneous coordinates y , . . . ,y n . Let 
C a be the subscheme of P^ ct defined by the equations yiVj+x = w? +1 ■ ■ ■ w°y i+ iyj for 
< i < j < n (cf. construction 13 .6[) . the sections s°,^ defined by the additional 
equation y^i = y { ^ 0, and let s°_, s+ be the sections (1 : : . . . : 0), (0 : . . . : : 1). 

These n-pointed chains (C CT —> W a , s°_, s°^, sj, . . . , s£) can be glued to an n-pointed 
chain (C — >■ F, s_, s + , Si, . . . , s n ) over F. 
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Proposition 4.13. Construction ~£JM is valid and defines an isomorphism between 



the functor Cs(A n _i) and the moduli functor of n-pointed chains of projective lines 
mapping the universal S(A n _i) -collection ((Ox(a„-i)(D i),wi)i,{cij)ij) t° the uni- 
versal n-pointed chain (X(A n ) — > X(A n _i), s_, s + , si, . . . , s n ). 

Proof. Given E(A n _i)-data over a scheme Y, it is easy to show that construction 
14. 121 locally over the open subschemes W a C Y defines n-pointed chains of projective 
lines (compare also to construction 13. 6j) . 

We show that, applying the isomorphism of functors L n — > i r J 4 n l to these objects 
over W a , we obtain A n _i-data which coincide with the data we get by applying 
the functor C^A n _^ — > i 7 A n _ 1 to the restricted data. According to [BB llat Section 
3.3] we extract A n _i-data from an n-pointed chain (C a — > W a , s°_, s+, s", . . . , sjQ via 
projections to such that s°L, s+ become the (1 : 0), (0 : l)-section and a given 
section si becomes the section (1:1). In the present case for i = 1, . . . , n the mor- 
phism determined by the rational functions 1, yi/y.i-i restricted to the component of 
C a containing s°,~ after contracting the other components transforms the sections 
si, s+, s^r* into the (1 : 0), (0 : 1), (1 : l)-sections. For n = 1, . . . , n — 1 the section 
s l{i+i) becomes the section «:1), and this gives (t_^ (i)Mt+1) : ^ CT(i)itr(i+1) ) = «:1) 
which coincides with the data obtained via proposition 14.11 

Thus, the chains over the open subschemes W a can be glued to an n-pointed chain 
over the scheme Y and construction 14 . 1 21 defines a morphism of functors C^iA n -x) — > 
L n , such that its composition with L n — > i 7 k n _ 1 coincides with the isomorphism of 
functors C*s(A n _i) — > ^k n _i defined in proposition 14.11 Since the other morphisms of 
functors are isomorphisms and map the given universal objects to the given universal 
objects, this is also true for Cs(A n „i) — > L n . □ 

Theorem 4.14. The morphism L n — > C n that arises by forgetting the labels of 
the n sections is given by the following T \A n ^i) -collection on L n = X(A n _i): for 
i = 1, . . . ,n-l let = OzJCi) and & r% = Zn {Di), let 

a: ^ ri ^_ 1 ^(- 2 ^ ft+1 =0 Xn (A-a-i+2a-a + i) Tn 

be given by multiplication by the rational function and let the sections ai,bi be 
defined as the images of the 1- sections under the inclusions Oj in — > Jzf ft , Oj; — > J£ Ti . 

Proof. The data defined form an T(A n _i)-collection, nondegeneracy follows from 
C t n A = 0, see lemma I4TTU1 

We use the covering by W a , a G S n (see remark 14.111) . We have an isomor- 
phism ({&to,at)i,{Se n M)u{ci)i)\w. -> ((Ow„,cL°) l ,{O w „,b°) l ,{id) i ) of T(A n _x)- 
collections on W a consisting of isomorphisms Jzf Ti | w a ~^ given by multiplication 
with x CT (i+i) /x<j(i) (compare to construction 14.12) ) and J£ ei \w a ~^ by multiplica- 
tion with (J2\I\=iXl)/^Ml),...,a(i)}- 

We show that the degree-n-pointed chain constructed from these data coincides 
with the degree-n-pointed chain that arises by forgetting the labels of the universal 
n-pointed chain coming from the universal S(A n _!)-collection by proposition 14.131 
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Applying construction 13 .6l to these data, we get a chain of projective lines C C P^ ct 
defined by the functions = av^+i) and a subscheme ScC finite of degree 
n over PVv defined by the functions af = (X^|/|=i / :r {cr(i),...,o-(i)}- 

Applying construction 14.121 to the universal E(A n _ 1 )-collection on X(A n -i), lo- 
cally over W a C X(A n _i) again we get the chain of projective lines C C P^ defined 
by the functions 6°" = av^+i) / ^(i) . The n sections are 



2 

er(») . ^cr(i) ■]_■]_■ . I 'o-(i+l) a; o-(i+2) 

,<7 W v ' x a{i _2)X tT{i _ 1) ' a; CT (i_i) ' ' ' x„(i) ' 



in terms the coordinates yo,---,y n of Pyj/^, that is, we have yi_i(so-(i)) = yi(sa(i)) 
which we may set to 1, and then Vk(s a u{) = x % ~,\ XaiX) Xg(fc) . The sections are con- 

tained in the hyperplane defined by J2k=o(~ ) ka kVk — ( se t a o =a n = 1) : 

ST- n ( \k n (T„. („ \ _ x Ui) ( \k\^ x I x a{1 yx a{k) 

2^k=o\ ) a kyk{Sa(i)) - x ,„... x , n 2^k=oV ) 2^\i 



x% <y{i) sr^ n ( \k ( ST^ Xl x trW' x a{k) , x i ^ tT (i)---a: tT ( fc ) \ 

X a{1) -X a[i) 2^k=0\ J(i)^I rr {c(l),...,<r(fe)} :r CT(i) ^WiWWI^W ' 

The relative effective divisors £\ S; and S 1 in C over W CT coincide since they coincide 
over the open dense subscheme of L n parametrising chains with distinct sections. □ 

Remark 4.15. The results of this section imply a construction of a morphism 
of fibred categories from the functor of S(A ra _i)-collections, considering the S n - 
operation on this functor, to the category of Y(A n _i)-collections such that the 
diagram 

Ce(a„_i) ^— ■> L n 
I I 

Ct(A„_i) < > C-n 

commutes. 

Example 4.16. In the case n = 2 the functor Fa 1 = Ce(A x ) ~ ^ Ct(Ai) ma P s an 
object (Jjf{±p 12 y, {tp 12 , t-p 12 }) of over a scheme Y to the object 

(0y(CO, ai), (Cypi), 60, Cl : Oy(A) ® CV(C0®" 2 ^ Oy) = 
((^{±/3i 2 }^/3i2 + *-/3i 2 )j (-^{± 2 /3 12 }' *ft 2 *-/3i 2 )> =^{± 2 /3i2} ® ^{±/L} 

of Cr(Ai), cf. example 11.81 
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5. Pointed chains with involution and Cartan matrices 

of type b and c 

As a natural variation of C n we consider moduli stacks £^ of stable degree-2n- 
pointed chains of projective lines with an involution. 

Definition 5.1. We define the fibred category £^ of stable degree-2n-pointed chains 
of projective lines with involution. An object over a scheme Y is a collection 
(C — > K, /, s_, s + , S), where {C —> Y, s_,s + ,S) is a stable degree-2n-pointed chain 
of projective lines over Y (definition ll.il) . / an automorphism of C over Y such that 
I 2 = idc and I(s_) = s + , and S is invariant under /. Morphisms between objects 
are morphisms of degree-2n-pointed chains which commute with the involution /. 



As in the case of C n , see proposition II. 4[ the fibred category C n is a stack in the 
fpqc topology with representable finite diagonal. 

Considering degree-2n-pointed chains of projective lines with involution as degree- 
2n-pointed chains defines a morphism of stacks C n — > C 2n which makes C n a sub- 
category of C 2n but in general not a substack, because a stable degree-2n-pointed 
chain may have automorphisms not commuting with an additional involution. 

The moduli stack £^ decomposes, unless we are working in characteristic 2, into 
two components C n = C n+ U where the component C n+ parametrises iso- 

morphism classes of stable degree-2n-pointed chains with involution (C, /, s_, s + , S) 
such that the degree of S in each of the fixed points under the involution is even. 
We first consider this main component C n + . 

The component is related to the moduli space — X(C n ) of 2n-pointed 
chains with involution defined in |BBllbt Section 6]. There is a morphism — > 
C n + forgetting the labels of the sections. This morphism is equivariant with respect 
to the natural action of the Weyl group W(C n ) = (Z/2Z) n x S n on L n , the coarse 
moduli space of C n+ is L n /W(C n ). Similar as in proposition 11.51 one can show that 
the morphism — > is faithfully flat and finite of degree |VK(C n )| = 2 n n\. 

These morphisms together with the morphisms Lin ~^ &2n (see section [1]) and 
L n L 2n (sec [BBllb, Rem. 6.16]) form a commutative diagram 

L n — > L 2n 

_i _ ; 

^n,+ ^ ^2n 

where is a component of the fibred product. 

The stack compactifies the space of finite subschemes of degree In in 

P 1 \ {0, oo} which are invariant under the involution and of even degree in each 
of the fixed points of the involution. Equivalently, this is the space of polynomials 
5^i=o a>'iU % of degree In with the symmetry a' 2n _j = a! i in the coefficients, up to change 
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of the variable by multiplication by —1. These polynomials can contain y — 1 and 
y + 1 only with even multiplicity. After dividing by the coefficient a' 2n = a' Q , we have 
a polynomial of the form 

y~ n + a n _ iy - n+1 + ... + a lV - x + a + a x y + . . . + a^y 71-1 + y n 

determined by the isomorphism class up to multiplication of y with —1 (together 
with multiplication of the whole expression by (—1)™). 

In general, embedding a chain (C, I , s + , S) into the projective space P 2n = 
P(H°(C, Oc(S))), the image of C is given by equations arising from the 2x2 
minors of a matrix of the form (decompose into several matrices if some of the hi 
are zero, cf. remark I3.3( symbol introduced for symmetry reasons) 

y~2 y-i VkiVo VKhyi ■ 
■ Vbohy-i VKyo yi 2/2 



where y. n , . . . , y , . . . , y n is a basis of H°(C, Oc(S)) defined similar as in proposition 
13. 2\ I3.4l and such that the involution maps y_; L <r» y^ The sections s_, s + become the 
sections (1:0: ... : 0), (0 : ... : : 1) and the subscheme ScCc P 2n is determined 
by an equation 

y. n + a n _iy. (n _i) + . . . + a x y_ x + a y + am + • • • + a n _i?/ n _i + y n . 



For an algebraically closed field K a K- valued point of C n + corresponds to a 
collection (a n _i, . . . , ao, & n -i, ■ ■ ■ ,bo) e K 2n up to the equivalence 

(a n _l, . . . , a , 6 n -l) ■ ■ ■ ) &o) ~ (^n-l^n-l, • • • , ^0 a 0! A n _i& n _i, . . . , Ao&o) 

with (k„_i, . . . , k , A n _i, . . . , A ) G (K*) 2n satisfying 



A n -1 — K n-l/ K n-2) A ra _ 



^n-2 



/(«n-3^n-l), • • • , Ai = kI/(k K 2 ), Aq = «o/ K l- 



This gives rise to a toric orbifold whose exact sequence of tori 

1 _^ G=(G m r — ► (G m ) 2 " — ► T^-(G m ) n — ► 1 
corresponds to the exact sequence of lattices 







-c* N 



M = Z 



where C = C(C n ) is the transpose of the Cartan matrix 

/ 2 -1 \ 

-1 2 ' 
'•• ' 



C{C n 



\ o 



2-10 
-1 2 -1 
0-22/ 



of the root system C n . 
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Definition 5.2. We define the toric orbifold y(C n ) associated to the Cartan matrix 
of the root system C n in terms of the stacky fan Y(C n ) = (N, T(C n ), where 
N = 1i n and the linear map 0: 1? n — > N is given by the nx2n matrix (-C(C n ) I n ). 
The fan T(C n ) consists of the 2n one-dimensional cones g n -i, ■ ■ ■ , Qo, T n _i, • • • , To 
generated by the columns of the matrix (-C(C n ) I n ). A subset of one- dimensional 
cones generates a higher dimensional cone if it does not contain one of the sets 
{^0) r o}) • • • j {Qn-ii T n-i}- This defines a fan containing 2 n n-dimensional cones de- 
generated by sets {ft}^/ U {Tj}j e j for subsets I C {0, . . . , n — 1}. 

The functor of Y(C n )-co flections Cr(c„) — y{C n ) has objects of the form 
((Sfei, ai) i=0i ... )n -i, {J£ n M)i=a,...,n-ii (ci)i=o,...,n-i) over a scheme F, where the q are 
isomorphisms of line bundles on F 

c n _ i: ^ n _x®^t>^ n _ 2 -)> Cy, c n _ 2 : ^_ 2 ®^ 1 ®^t 2 2 ®^ n _ 3 -> Oy, 

, Ci: J^®^®^" 2 ®^ -> 0y, C : Jg^OJS^ 3 ®^®- 2 0y. 

We have a morphism of stacks Cy(c„) — > Cy^u-i) by considering the collection 



(9) 



>n-\> 



■ ■ ■ i (^^ro 5 ^o)) • • • ) (-^Tn— 1 ' ^n— l); C n _i, . . . , Co, • • • , C n _i), 

built out of an Y(C n )- collect ion, as an Y(A 2 n-i)-coriection. This morphism can 
be described by the map of fans T(C n ) — > Y(A 2n -i) mapping e' n _ x e 2n -i + 
ei, . . . , e[ i — y e n+ i+e n _i, e e n , where e' n _ x , . . . , e' are the generators of r n _i, . . . , r 
of T(C n ) and e 2n _i, • • • , ei are those of r 2n _i, . . . , T\ of T(y4 2n -i)- It corresponds to 
a toric morphism y{C n ) — >■ !V(A 2n -i) making 3^(Cn) a subcategory of 3^(A 2n _x). 

Theorem 5.3. There is an isomorphism of stacks = y(C n ). 



Proof. Applying construction 13.51 to a degree-2n-pointed chain with involution, it 
is possible to choose yo,---,y2n such that the involution maps yi <-> y 2n -i, and 
we obtain a T(y4 2n _i)-collection of the form Applying construction 13.61 to a 
Y (^4 2n -i)-collection of the form fl9]), making symmetric choices, we can introduce 
an involution on the resulting degree-2n-pointed chain by y^ -B- y 2 n-i- A Y(A 2 n_i)- 
collection of the form is equivalent to a Y(C n )- collect ion, and further, morphisms 
of the corresponding degree- 2n- chains with involution that commute with the invo- 
lution are equivalent to morphisms of Y(C n )-collections. □ 

The case of the other component 1S verv similar. The stack _ para- 

metrises isomorphism classes of stable degree-2n-pointed chains with involution 
(C, /, s_, s + , S) such that the degree of S in each of the fixed points of the in- 
volution is odd if there are two fixed points, and positive if there is only one fixed 
point. It is related to the moduli stack X(C n -i) defined in [BBllb} Section 6]: there 
is a morphism X{C n ^\) determined by forgetting the labels of the sections 

and adding the fixed point subscheme of the involution as a subscheme of degree 2 
to the 2n — 2 sections. 

The stack compactifies the stack of finite subschemes S of degree 2n in 
P 1 \ {0, oo} invariant under the involution such that S has odd degree in (1 : 1) and 
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(1:-1) (positive degree in (1:1) = in characteristic 2). Equivalently we may 

consider polynomials Ylf=o a \y % °f degree In with the symmetry a 2 n-i = — a\ in the 
coefficients and a' n = 0. We may represent each isomorphism class by an expression 
of the form 

-y~ n - a n _ iy - n+1 - ... - a 1 y~ 1 + + a lV + . . . + a^y 71 ' 1 + y n 

determined up to multiplication of y with -1 (together with multiplication of the 
whole expression by (-1)™). It has a factor (y — l){y~ l + 1), occurring with odd 
multiplicity in characteristic ^ 2. 

In general, similar as in the case of C^ + , a not necessarily irreducible chain can 
be naturally embedded into P 2n = F(H°(C, Oc(S))) and described by equations 
arising from the 2x2 minors of a matrix of the form 

(•■• y-2 y-i yo hyi 
V" b iV-i vo yi V2 ■■■) 

and the subscheme ScCc P 2n is given by an equation 

y. n + a n _iy.( n _i) + . . . + a x y. x + a x yi + . . . + a n _iy n _i + y n . 

Over an algebraically closed field K a K- valued point of cf t _ corresponds to a 
collection (a n _i, . . . , a±, 6„_i, . . . , b\) G K 2n ~ 2 up to the equivalence 

(a n _i, . . . , a±, 6„_i, . . . , bi) ~ (/c n _ia n _i, . . . , «iai, A n _i& n _i, . . . , 

with . . . , ki, A n _i, . . . , Ai) G (7T*) 2n ~ 2 satisfying 

A n -1 = K>n-l/ K n-2, A n _ 2 = ^-2/ ( K n-3 K n-l) , ■■■ , A 2 = ^/(kiKs), A 2 = k\/ k\. 

We will see that this stack can be described by a toric stack that differs from 
y(C n -i) by replacing the matrix (-C(C n _i) 7 n _i) defining the map j3 of the stacky 
fan T(C„_i) by the matrix 

/ 1 \ 

-C(C„-i) ""■ ""■ 

'•• 1 
V 2/ 

In the case n = 1 we define it to be B/i 2 - This toric stack corresponds to the 
category of collections of the form ((j£? ft , ai)i=i,..., n -i, (^f Ti , &i)i=i,...,n-i, (ci)i=i,...,n-i) 
over a scheme F, where the q are isomorphisms of line bundles 

c„_ i: J^®^®^., Oy, c n _ 2 : ^.^J^®^ 2 ®^ CV, 
, c 2 : J^®^®^" 2 ®^ 0y, ci: ^ r f ®J^f ®^" 2 0y. 

Proposition 5.4. T/ze stocA; can 6e embedded into as the divisor D eo 

corresponding to the cone g and defined by a = 0. It is isomorphic to the above 
toric stack. 

Proof. A chain with involution (C — > Y,I,S-,s+) with a central component iso- 
morphic to Py comes with the following relative effective divisors of degree 2: the 
invariant subschemes Si, Su under the involutions I, I J of P y , where J is the in- 
volution that leaves the poles fixed and interchanges the two points (1 : 1), (1 : -1) 
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of Si. A degree-2n-pointed chain with involution (C —> Y, I , s_, s + , S) is contained 



in C n _ US is of the form S — Si + S' and contained in the divisor D eo defined 
by ao = if S = Su + S' for some relative effective divisor 5" that may contain 
Si only with even multiplicity. We have an isomorphism C n _ = D go mapping 
(C ->■ Y, I, s_, s+, Si + S') <-> (C -> Y, I, s_, s+, S u + S'). The divisor D eo is the 
toric orbifold corresponding to the fan defined by the above matrix. □ 

Example 5.5. The toric orbifold cf + is isomorphic to the weighted projective line 

P(l, 2) = y(C\). Here the inclusion as subcategory cf + — > £2 is an isomorphism of 
stacks as any degree-2-pointed chain is isomorphic to a symmetric object under an 
involution whose isomorphisms commute with the involution. So we have the same 
situation as in examples ll.8[ I2.2[ 



The component C 1 _ is isomorphic to Bfi2 . 



Example 5.6. The stacky fan of the toric orbifold C 2 
-2 1 1 N 



y(C2) is given by the 



matrix 



2-201 



T(C 2 




We picture the types of pointed chains over the torus invariant divisors of the moduli 
stack C , . 



3 



D 



/'2 

rv 



M2 

rv 



60,61 = 
a {o,i} 



bo = 
TO 



f>o, ii =0 
°{0] 



ai=0 
Ql 



ao,ai = 
^0 



a = 
O0 



61 = 



60,61 = 
^{0,1} 
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The toric orbifold 



P 1 ///2 corresponds to the stacky fan given by the matrix 



—2 2 ). We have the following types of pointed chains over C 







/'2 

rv 
—i — 



/'2 

rx 
— i — 



ai = 
Ql 



ai,6i ^ 



6i = 

n 



One also may consider chains with involution and a subscheme of odd degree. 

'efinition 5.7. Let the fibred category £° ,=b of stable degree- (2n+l)-poinb 
of projective lines with involution be defined analogously to definition 15.11 

The fit 
diagonal. 



Definition 5.7. Let the fibred category £° ,=t of stable degree- (2n+l)-pointed chains 

l invc 

The fibred category C^f 1 is a stack in the fpqc topology with representable finite 



The moduli stack £° ,=t forms a subcategory of L-zn+i- It is related to the moduli 
space L n ' = X(B n ) of (2n+l)-pointed chains with involution defined in [BBllbl Sec- 
tion 1] . We have a morphism L° n — > forgetting the labels of the sections, which 
is equivariant with respect to the action of the Weyl group W(B n ) = (Z/2Z) n x S n 
on L n . The coarse moduli space of C n is L n ' /W(B n ). As in the C-case the 

morphism L n — > £ n ' is faithfully flat and finite of degree = 2 n n\, and we 

have a commutative diagram 

L n > L 2n+1 

I I 

Embedding a degree- (2n + l)-pointed chain with involution (C, /, s_, s+, S) into 
the projective space P 2n+1 = F(H°(Oc{S))), the image of C is given by equations 
arising from the 2x2 minors of a matrix of the form 

V-5/2 V-3/2 V-l/2 hyi/2 bib 2 y-i/2 ■ 
■ hhV-3/2 hV-l/2 2/1/2 2/3/2 J/5/2 
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and the subscheme S by 

Z/-(2n+l)/2 + a n y.(2n-l)/2 + • • • + ai2/-l/2 + OlJ/l/2 + • • • + a n ?/(2n-l)/2 + y(2n+l)/2- 

where 2/-( 2ri +i)/2, • • • , 2Z-3/2, I/-1/2, 2/1/2, 2/3/2, • • • , 2/(2n+i)/2 is a basis of H °(O c (S)) de- 
fined similar as in proposition and such that the involution maps y.j/2 •H- 2/^/ 2 - 

Definition 5.8. We define the toric orbifold y(B n ) in terms of the stacky fan Y(B n ) 
as in definition 15.21 replacing the Cartan matrix C(C n ) of the root system C n by the 
Cartan matrix C(B n ) of the root system B n . 

It turns out that is not quite y(B n ), but coincides with the underlying 
canonical toric stack y(B n ) ca,n (as defined in |FMN10j ). So instead of the Cartan 
matrix of the root system B n we have the matrix 

/ 2 -1 \ 

-1 2 '•■ •■. : 

'•. '•. '-. '-. ; 



2 


-1 





-1 


2 


-1 





-1 


1 J 



where the rightmost column is half of the column of the Cartan matrix. The 
functor of T(5 n ) can -collections Cr(B n ) can — y(B n ) ca,n has objects of the form 
((Sfm, ai) i= i t ... <n , (£? n ,bi)i=i,...,n, (ci)i=i,...,n) over a scheme Y, where the C, are iso- 
morphisms of line bundles 

c n . J^®^" 2 ®^ Oy, c n _ i: ^®^ Qn ®^tzl®^-, -»> Oy, 
, c 2 : J^®^®^" 2 ®^ -> Oy, ci: J^®^®^®" 1 ->• Oy. 

The inclusion as subcategory 3^(-£>n) can — > y(A 2n ) can be described as Cx(B n ) c ^ 
Cy(a 2 „) by considering the collection 

XK°^Qn 1 fl n) 5 ■ ■ ■ 5 ) ^l) ) ) ^l)) • • • ) (=^e 

\££ Tn , 6 n ) , . . . , (yJ£ T1 , &l) , (=2t! j &l) j • • • j (=^r n 1^)1^11, • • • j C]_, Ci, . . . , C n ) , 

formed out of an Y(I? n ) can - collect ion, as an Y(A 2n )-collection. 

As in the case of degree-2n-pointed chains with involution one can prove: 
Theorem 5.9. There is an isomorphism of stacks Z^' = y(B n ) can . 
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Example 5.10. In the case n = 1 we have a scheme 7?^ = y(Bi) clin isomorphic 
to the projective line P 1 . 



Example 5.11. The toric orbifold C 2 = y(B 2 ) can is given by I 1 1 „ 1 



In 



the picture of the stacky fan T(i?2) can the dotted arrow corresponds to the generator 
of the ray Q\ determined by the stacky fan Y(_B 2 )- 



*(5 2 ) 



can 



Q2 



Ti 



^{1} 



0-{l,2} 



C0 



^{2} 



r 2 



We picture the types of pointed chains over the torus invariant divisors of the moduli 
stctck jO'n 



61,62 = 

^{1,2} 



61 = 



a 2 = 
Q2 



ai, a,2 = 
(70 



01 = 

Qi 



a\,02 =0 
°{2} 



62 = 
T2 



61,62 = 
^{1,2} 
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